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Compound Determinants. 

By William H. Metzler, Ph.D. 



It is proposed in this paper to show, by a method similar to that employed 
in the Am. Jour, of Math., vol. XVI, No. 3, pp. 131-150, how the value of 
certain minors* of the m th compound of a given determinant may very easily be 
found in terms of the given determinant and its minors. 

1. If A denote a determinant of order n, then A (m) will denote the m th com- 
pound of A, and A(n — m) will be termed the adjugate of A(m). We have 
the well-known relation connecting minors of A (to) with those of A(n — to), 
viz. any minor of A (to) of order h is equal to the complementary of the correspond- 
ing minor of A(n — to) multiplied by ^-(»- 1 )».-j- 

2. For the sake of definiteness, let us start with a determinant of order five : 



A = 



a 



n 



"21 



a, 



a 12 

CHon 



«i 3 a li a ]5 



a, 



23 



a, 



'24 



a, 



25 



#33 #34 #31 



#41 #43 #43 tt^ (Z45 



*51 



a. 



'52 



#53 «i 



54 



*55 



then 



*(2) 



-"123 -"123 -"123 -"153 -"1! 



■0.12a -"l!>S -"1 



x 123 -"123 -"123 -"123 -"-123 -"123 -"123 -"123 -"123 -"123 

123 124 125 134 135 145 234 235 245 345 

-"124 -"124 -"124 -"124 -"124 -"124 -"124 -"124 -"124 -"124 

123 124 126 134 135 145 234 235 245 345 

-"125 -"125 -"125 -"125 -"125 -"125 -"125 -"125 -"125 -"125 

123 124 125 134 135 145 234 235 245 345 



-"134 -"134 -"134 -"134 -"134 -"134 
123 124 125 134 135 145 



-"134 -"134 -"134 -"134 



234 235 245 345 

-"135 -"135 -"135 -"135 -"135 -"135 -"135 -"135 -"135 -"135 

123 124 125 134 135 145 234 235 245 345 

-"145 -"145 -"145 -"145 -"145 -"145 -"145 -"145 -"145 -"145 

123 124 125 134 135 145 234 235 245 345 

-"234 -"234 -"234 -"234 -"234 -"234 -^234 -"234 -"234 -"234 

123 124 125 134 135 145 234 235 245 345 

— -"235 -"235 -"235 -"235 -"235 -"235 -"235 

125 134 135 145 234 235 245 345 



-"235 -"235 -"■' 
123 124 

-"245 -^245 -"245 -"245 -"245 -"245 -"245 -"245 -"245 -"245 
123 124 125 134 135 145 234 235 245 345 

-"345 -"345 -"345 -"345 -"345 -"345 "^345 -"345 -"345 -"345 



123 124 



125 



134 135 145 234 235 245 



345 



* All those which are expressible as a product of minors of the given determinant, 
t Vide Muir's "Theory of Determinants," £175. 
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35 45 
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24 


-4-23 -^23 
25 34 


-^■23 -^-23 
35 45 
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-^24 
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25 34 


^24 -^24 
35 45 


-^■25 -^-25 
12 13 


-<*25 
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-^25 
15 


-^■25 
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■^25 
24 


-^25 -^25 
25 34 


-"25 -^25 
35 45 
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12 13 


•^•34 
14 


A S4 

15 


Au 

23 


-^34 

24 


-^34 -<*34 
25 34 


-^•34 A 3i 
35 45 


-^35 -^35 
12 13 


-"4-35 
14 


^35 
15 


■^35 
23 


-^35 

24 


■^35 A m 
25 34 


A$5 -435 
35 45 


-^45 -^-45 
12 13 


-^•45 

14 


-"4-45 
15 


-^45 

23 


-^■45 
24 


A45 -^45 
25 34 


A a A m 
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A« = 



and A n A 12 A 13 A u A K 

A^i -«-22 A 23 A 2i A ib 
A31 A 32 A 33 A 3i A 35 
An A i2 A i3 Am A i5 

-o-oi A& -0.53 A M -4 55 

By Laplace's theorem we have 

-<*55 == a U-^-15 ^12-^15 T" #13-^15 a 14-^-15 1 

15 25 35 45 

= ^l-^ + ChsAzs «23-^-25 "I" a 2iAz5 - 



15 



35 



a llA\5 «21-a-25 + a 31-^35 «41-^-45 

15 15 15 15 

A u = <h\A\ 2 «l2-a.i2 + «l3-a.i 2 <%Al2 



: etc., 

; etc., 

etc. 



(1) 



14 



24 



34 



45 



«21-4-15 "H #22-^15 ^23-^15 + a 24-^15l 

15 25 35 45 

= a 3\Avo #S2-<*15 + a 33-^-15 a 34^15 

15 25 35 45 



— a izA K -\- ci^A^ — a 32 ^l35 + a & A 



■45 




■^45 — 
45 



A%± 

35 



a 33-"345 a 32""345 T" #31-^345 etC, 

345 245 145 

= ^33-^345 a 23-^245 ~T* a 13-"145 == etc., 

345 345 345 

^U-^124 a 12-^-124 + #14-^124 = e ' C ' 

135 235 345 



(2) 



(3) 
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— a i3 A 3ib + a %% A m — #21-0.345 — etc., 

345 245 145 



— a B1 -a. 124 • 

135 



124 ~T a 51-"124 
235 345 



= etc., \ 
= etc. \ 



(4) 



•"•55 -"345-^125 -^-345-^125 T -0-345-^125 

345 125 245 135 235 145 

T" A m A m ■^•345-^-185 H~ "<*345-^125 = e tC, 

145 235 135 245 125 315 

"^32 = -^■123-^345 -0-123-O-345 T -^123-^345 

123 245 124 235 125 234 

+ ^. 12 s^a 3 45 — A n3 A 345 + A m A m = etc. 

234 125 235 125 245 123 



(5) 



-^.345-^135" 

345 125 



-^345-^-135 ~f~ -^345-^-: 



245 135 



345-°-135 
235 145 



H~ •a-345-^135 -"345-0-135 T -"345-^135 e tC 

145 235 135 245 125 345 



(6) 



Operating on these equations by the Law of Complementaries* we get 

A a 55 = A u J.234 -a.12-^234 T -4i3^234 -^14-^234 1 

234 134 124 123 

= -4.2jua.j34 "f" J *22-'*134 -^23-^-134 H~ -^24-^134 == e tC, 

234 134 124 123 

= J. 1 j^a 2 34 — 42i-a.]34 + A sl A m A a A m = etc., 

234 234 234 234 

A«24 = -4 11 il345 J. 12 J. 345 + -4l3-4345 -4l5-4 3 4 5 = etc. 

235 135 125 123 



(10 



^i 21 .4 2 34 + -fl.22.A334 -a. 23 .fl 2 34 + -a-24-^234 etC, 

234 134 124 123 

= — A 12 Ai 3i + A w A m A 3i A m + A^Aj^ = etc. 

234 234 234 234 



(2') 



A-4 12S 



123 • 
123 



AA 



135 • 
124 



-a.33-^12 — -4 3a -fli 2 + J.31A.12 — etc. 

12 13 23 

-4 3 3-4 12 -^23-^13 "I" -^-13-^23 = e tC, 

12 12 12 

-^■11-^35 -^12-^35 "T" -4l4-"-35 — e t C - 

24 14 12 



(3') 



j3.23-4.12 I -4-22-4-12 

= Axl A; 



x\')\J\.\% — etc. 



■Sl-^BB -^-52-^-35 + -^54-^-35 etC. 

24 14 12 



(4') 



* Vide Muir, " Theory of Determinants," ?8 
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A-o. 55 ^12-0-34 

13 34 



-0-12-0-34 4" -0-12-0-34 4" -0-12-0.34 
13 24 14 23 23 14 

-0-12-0-34 4~ -0-12-034 -— etC, 

24 13 34 12 



A« 32 — A i5 A n A^A 12 + •^■45-^-12 4" -0-45-0-12 

45 13 35 14 34 15 15 34 



-0-45-0-12 4~ -0-45-0-12 — etc. 

14 35 13 45 



(5) 



— -0-12-0-24 ' 
12 34 



' -^-12- J ^24 4" -042-0-24 4* -0-12-0-24 
13 24 14 23 23 14 

-042-0-24 4" -042-0-24 == etC. 



(6') 



24 13 



34 12 



Operating on equations (3) and (4) by the Law of Extensible Minors* we get 

^55-^-44 — 



a 45-<4-23 



■0-34-0-124 -o-34-o-124 4" -0-34-0-124 etC, 

34 124 24 134 14 234 

-"-34-0-124 -0-24-0-134 4" -0-14-0.234 = etC, 

34 124 34 124 34 124 

-0-12-0-235 4" -0-12-4.235 = etc. 
34 123 



-0-12-0-235 
13 234 



•-12-0-235 ' 
23 134 



— — -0.34.A134 + -0.34-0.j34 — .0.34-0.134 — etc, 

34 124 24 134 14 234 

-0-12-0-123 4- -o.]2-o-i23 = etc. 



— -O-12-0-123 

13 234 



(3") 



(4") 



23 134 



34 123 



3. If for the sake of uniformity we write A for A, A r for Ars, A 2S .... n for 

8 23 .... » 

a n , etc., then in each factor of every term of the foregoing expressions there are 
two lines of suffixes. I shall refer to them as the upper and lower. We may 
make the equations homogeneous in the A's by multiplying any term when 
necessary by A23....71 which is unity. 

123..'"» 

4. If we are given any combination of n numbers k at a time, the combi- 
nation of the remaining (n — h) numbers is said to be the complementary 
with respect to n of the given combination. Considering any n numbers 
«i, « 2 , « 3 . . . . a n , let « m + i, a m + z . . . . a n denote the combination complemen- 
tary with respect to n of the combination a u a 2 , . . . . a m . 



*Muir, "Theory of Determinants," §179. 
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5. The equations of art. 2 are all of the form 

-"■0,0,1 .... amC^Ci .... c-^OjCa .... a / A *■) -^*-aio 2 ... a r c t c a .... c i - a ~y l y, ...,y B c,c, .... Oj' V / 

5,& 2 .... b, u d 1 d^....d l c2,d 3 ....<2i 0,0, .... jS,o' I a',, .... <2i 8,8., .... &</,d 2 .... di 

where r + s = wi , and a 1} a 2 , . . . . a r are some r of the numbers ^,03 a m 

and j-i, y 2 7s are the remaining »?i — r — s numbers, that is, cti, a 2 , . . . . a r 

and y 1( y 2 , . . . . y i are complementary combinations of the numbers a lt a 2 , ... a m ; 
similai'ly (3 lt (3 2 , . . . . /? r and o\, 8%, .... 8, are complementary combinations of 
the numbers b 1} b z , . . . . b m . The c's are those numbers that are found in the 
upper line of the suffix of both factors of every term, and the d's are those 
numbers that are found in the lower line of the suffix of both factors of every 
term. Either the a's and y's remain the same for every term while the (3's 
and 8's vary, or the /?'s and 8's remain the same for every term while the a's and 
y's vary. The numbers in the line of the suffixes which vary from term to term 
are the combinations r at a time with their complementaries of the in numbers 

^1 j ^2 • • • • &m ' 

The value of v for any term is given by the equation 

r n — m 

1 1 

where \ = the number of a's > a m+ x , 



/l K — * ' ot.s^>a )tt ^_ K , 

^= " " /S's>Z» m+K . 

If the c's and d's are the same, we may in practice neglect the second term 
in the value of v. 

If n — m = , then X K = fi K = . 

If »= 0, that is, if there are no repetitions, A Ci0i ..,.„,. becomes J. and equa- 

tion (A) takes the form 

-4. Ai.a, .... o» =y.(— l)"^-a l0 , ... « P A.Y,..-. y.' ( B ) 

*,6 3 .... 6 ni ^^ 0,(3, /s,- a,a 2 a« 

which is the form of equations (1'), (3'), (5'). 

* The a's, the b's, the c's, etc., are supposed arranged in their natural order (order of magnitude). 
34 
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6. Since the numbers in the upper line denote the rows and the numbers in 
the lower line denote the columns, it is evident that putting an a equal to a y 
is equivalent to making two rows identical, and putting a (3 equal to a & is equiv- 
alent to making two columns identical. If an a be put equal to a y or a /3 to 
a S, then two a's or two 6's become identical and the expression vanishes, and 
the equation is of the form of (2), (4), (6), (2'), (4'), (6'), (4"). 

7. Operating by the Law of Gomphmentaries is equivalent to replacing each 
line of every suffix by its complementary with respect to n, and operating by the 
Law of Extensible Minors is equivalent to striking out the same j c's and the same 
j d's from the suffix of each factor of every term. It is possible therefore to 
reduce all equations to the form of equation (B). It may often happen that the 
same result is obtained by the operation of these two laws. 

8. Let (n\m), (n\m), .... (n\m) represent the n m = fi combinations of the 
n numbers 1 , 2 , 3 , . . . . n taken mata time * and let (n \m), (n\m), ... . (n | m) 

1 2 K 

denote the complementary combinations. If we take any combination of the 
numbers m at a time and combine the numbers in it in all possible ways I at a 
time, there would be m l = /I such combinations. Let 

(n | m 1 1) , (n\m\l), ... . (n \ m \ I) 

a 1 o. % a A 

denote the % combinations of the numbers in the combination (n\ m) taken I at a 

a 

time, and let (n | m \ I) denote the combination complementary with respect to m 

a p 

of the combination (n\m\I), that is, the combination formed by the numbers 
remaining after the numbers in the combination (n \tn\l) are taken from the 

a IS 

combination (n | m) . Let (n \ m \l) (n\ rn) denote the combination of the numbers 

a. a j3 a 

in the two combinations (wjm|Z) and (n\m), and so in general one combination 

a. a 

following another will denote the combination of the numbers in the two com- 
binations. 

* Let it always be understood that the numbers in every combination are arranged in their natural 
order. 
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9. With this notation, equation (B) may be written as follows : 

0or8=A 

/ ( ~ 1) " An | m | l)-^-(n |m|I) — : -^- • An | to) > IW 

~~ a. & a B a 

6 or 6=1 ( B |»i|i) (»|m|0 (»|i») 

y 5 y 8 y 

B or 8 = X 

where > means that when /? varies from 1 to A, , 5 is constant, and when <$ 

p or 8 = 1 

varies from 1 to A,, /? is constant. The value of *- is the same as before. 

10. If we operate on equation (0) by the Law of Comphmentaries we get 



/ ( ', l) An I m I 0(« I m) -^-(n | m | l)(n 1 1») 



or 8 = A 

''An 

a B a a 8 

8 or 6 = 1 — _ _ 

(n | in | Z)(n | m) (»|m|Z)(»|to) 

y 6 y y 6 y 

— : -o-(Ti 1 TO) (» | )»)-«•("» | m) 
a a a 

(a | m\(n \ m) (n{ m) 

y y y 

— A ~ 

— -"-(n | m) ) 

a 

(re | m) 
y 



since -4 (n | TO) (H | OT) — l . 

a a 

(n | m) (n | m) 

y y 

This is the equation that would be obtained on expanding the minor 
A«i»») hy Laplace's theorem. 



(re |m) 
7 

11. Let J. denote a determinant of order n, let A (m) denote the rn th com- 
pound of A, and let ^„ (m) denote the I th compound of A (n]m) , etc. 

a in a 

(m|to) w (»|m) 

y y 

The upper line of the suffix is the same for every constituent in the same 
row of A [m) and the lower line of the suffix is the same for every constituent in 
the same column.* 

The upper lines of the suffixes of the constituents in the columns from top 
to bottom and the lower lines of the suffixes of the constituents in the rows 
from left to right are the combinations (n\m), (n\ tn) . . . . (n\m). 

13 !"• 

* If the rows and columns were interchanged, this statement would be reversed. 
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12. The determinant J. ( ^ | m) 

_ « (0 
(to | ra) 

y 



— \A( n | m) (n | m | l)A( n [ m) (n | m 1 1) • • • • A71 | m) (n\ m 1 1) ] 

.a al^a a 2 a a \ j 

{n |m)(n I m|l) (n | m) (n | 01 | I) (n \m)(tl | m| i) 

y y 1 y y 3 y y a 



.(TO — l)»-i-i A < - r t~ 1)l /"7\ 

<7i|m) I — -£■■(» I m) • V'/ 



(re I m) (» I m) 

V V 



Operating on this equation by the Law of Extensible Minors we get 

1 1\' 



-^■(a I m I !)-^-(n | m 1 1) • • • • -^-(n | m | 

a 1 a 2 a A 

(TO I m I (TO I Ml I (» I m I 0' 

7 1 y 2 7 \ 



j(m — 1)! j(mi — ifc_i / Q \ 



(n I m) 
V 



This is Sylvester's theorem,* since the constituents of the determinant on 
the left-hand side of the equation consist of the minor A (n | TO) bordered in all 



(n I m) 
y 



possible ways with I of the remaining rows and columns. It is evidently a 
minor of order % of the determinant A {n _ l) , the (n — l) th compound of A. 
Similarly A ( „ ]m) 



(m-l) 

(rt I Ml) 

y 



(A( n I m )( n . 1 mi I !)-"-(» I m) (n I m 1 1) • • • • -"■(» | m)(» | mil)) 

y a al a a2 a a \ I 

(to I m) (to I m 1 1) (» I m) (n I » I I); (to | mi) (to | m 1 !) 

y y 1 y y 2 y y * 

_ ,(m-l) ( _i (q . 

, a 

(n I mi) 

y 



Operating on this by the same law we get 

( A( n 1 m 1 l)A( n 1 J7| J) • • • • Are |I|fl) 
\ al a 2 nAy 



(re I m U) (« I mi I I) (» I mi I !) 

V 1 v 2 y A 



= ^ m - 1) '- i <7 m 1 ) \ (10) 



(re I mi) 
y 



Equation (4) might have been obtained from equation (1) by the Law of 
Complementaries. 

* Vide Philosophical Magazine for 1851 ; also Camb. and Dublin Math. Jour., VIII, 60. 
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1 3. The k th compound of A {n , ^ , ( - , m) is 

a /3 a 

(re I m | Z) (»T| m) 



(■^■(n | m)l» 1 m | Q(n | m | I | fc)-^-(» | m)(re | m | Z) (n | to | Z | fe) • • • • -°-(n | m)(» | m | Z) (n | m I ( | fe) ) 

\ a a a /3 1 a a/3 aj83 a a j8 a /3 <r / v = i k 

{n | m)(n |T~ 
V 

and is equal to 



(re | m)(n 1 m | I) (n | m | ! | fe) (n I m)(n | m | Z) (n | m | Z | fe) (n | m)(re | to 1 1) (» | m 1 1 1 ft) 

7 78 78I 7 y 8 788 y y & y 8 a 



•^■(nlrnXn I m|Z)' V ix / 

a « f 

(» I m) (n | m" | Z) 
7 78 

Operating on this equation by the Law of Extensible Minors we get 

I -^-(n |m)(n | m 1 1 1 fcj-An | m) (» | m 1 1 1 fe) • • • • -^-(»| m) (» | m | Z | fe) 

V _ a a /3 1 _ a a /3 2 _ a a (3 <r 

x (» I m) (» I m I Z I fe) (n I m) (n I m I < I fe) (n | m) (n | m | Z | fe) 

7 7SI 7 7 8 2 7 780 

— JO-D* j<i-i)*-i (12) 

(» I m) -^-(n I m) (n I m 1 1) v ' 

_ a — a a £ 

(n|m) (n I m) (ft I m I Z) 

7 7 78 

and f-4(7i|m| Z)(» I m |Z|fc)-^(»»|m|Z)(» I m|Z|fc) • • • • -a-(n| i»| Z)(n | m 1 1 1 *) ) 

I a/3 a/31 a a/32 a a p a J 

(n I to 1 1) (re I m 1 Z 1 fe) (n I m I Z) (n I m I Z I fe) (n | to | Z) (re | to | Z | fe) 

78 78I 78 782 76 7 8 <r 

— A {l ~l )k aU-u*- 1 (13) 

— -"-in I m I l^in \m) v ' 



m|Z|fe)] 
a p a I 
m|Z|fe)' 



a_/3 

(re I to I Z) (re I to) 
78 7 

and /-A(„ I to I Z I ft)-o-(n I m I Z I *) • • • • A" I 

\ a /3 1 a 2 

v (re I m I Z I fe) (n I m I Z I fe) (m | m | . . 

7SI 762 7817 

-a- -^(re|m|Z) • V 1 ^ 

a /3 

(» I TO I Z) 

7 8 

14. If the constituents in the intersection of the last r columns and the last 
(n — r) rows are zero, then A — (— l) r( "- r U ( „ , „ A$\ r > and equation (8) becomes 



(A (n | m | Z )-zl( w | m | j) .... -o.(n | to | Z) ) 

\ a ] a 2 a \ / 

x (re | to I Z) (» | to | Z) (n | to | Z) 

7 1 72 y * 



(»|n — r) (»|n— r) 



((to — 1)( A™— l)i -to — 1), 



_ , 1 y (TO _r)(m-l) ( >!<"-"' A K - * 177 T' Cl 5^ 



_ 1 1 

(n\n — r) (n\n — r) (» | m) 
1 1 7 
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Ifn — r = r , then equation (15) becomes 

( A( n | m | l)A( n i m 1 1) . . . . -d. (n i m i () \ 
\ a 1 a 2 a A / 

N (n\m\l) (n\m\l) (n \ m | l)' 

Y 1 y 2 y A 

/ 1 xfM»»-l)i .(m-l)i , j(»-l)i-i * flfi\ 

V X .J -*•-(« |r) -n-(n\r) ■ a -(n\m) \ LV J 

1 1 a 

(n I »— r) (» | »— r) (n \ m) 

l 1 y 

Similarly for equations (10) and (14). 
15. The determinant 

( -^-(n | m | I j &;)-<4-(n \m\l\Jc) • ' ' • -^-(n \m\l\k)\ 
\ a & 1 a. /3 2 a p <r I 

v (n|m|{|fc) (n|m|!|fc) (» | m M | *) 

y 6 1 y « 2 y S <r 

is a minor of order <y of 

[ -^(ra | to | fc)-a-(» | m | *) • • • • -^-(» \m\k) 
\ <x 1 a 2 

s (re | to | fc) (to | m | fc) 

Y 1 Y 2 

and by equation (14) is equal to 



(re|m|fc) (n\m\k) (» | m | ft/? — m * 

Y 1 Y 2 y P 



j(J-lWi-l)*_, . 
-» -^-(re | m | i) • I 

a /3 
(to I m 1 1) 
y « 



16. The determinant 

(-A-(n i m | ]c)-A.(n \m\k) • • • • -^-(n \m\k)\ 
\ a 1 a 2 «P/ 

x (to I m | i) (n | m | Ie) (» | m | fe) 

Y 1 Y 2 y p 

j(m— D* i(m— l)j_i 

— -a- -a-(re | m) > 



(re | m) 
Y 



and the determinant 



-^(n | m | k)A(„ \ m \k) • ' ' • -"■(»» 1 ni | fc) 

a 1 a 2 a p 

In I'm | k) (n | m"| fc) (re \~m | fc) 

Y 1 Y 2 y P 

=A!- m - l) >-^;-^ (Art. 12). 

a 

(re I m) 
Y 



*Cf. Scott, Proc. Lon. Math. Soc, vol. XIV, §8. 
+ Of. Scott, ibid. art. 6, p. 96. 
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The product 



-o-(re | m | fc)-o-(n \m\k) ' • ' • -^-(n | m | fc) ) 

a 1 a 2 a i / . * 

(n\m\k) (re|m|t) (re | m | fc) /l < p 

V 1 V 2 V i 

X ( -a.(„ | m | S)-a-(re | m |fe) » • '• • -"-(re | m | *) 
l a 1 a 2 a p 

(n |"m | k) (re |"m | !) (re | ~m | fc) 

Y 1 V 2 y p 

= -^ -a.(n | m) | -^-(n | m I fe)-^-(n | m | k) • • • • -a-(re | m| K) ) > 
ay a i+1 a i+2 a p y 

(n|m) (re|m|fc) (n|m"|7c) (re|m|A) 

' y i+1 v i+2 y p 

-^■(n | m | fe)-A(» | m | fc) • • ■ • -^(n | m | &) 

a 1 a 2 a i 

(ra 1 m | k) (re | m | fc) (re | m | k) 

y 1 7 2 y i 

-a- -a-(n|m) ( -a-(n | m | k) -^-(re | m | A) • • • • -a-(re | m | fe) ) K 1 ' ) 

a y a i+1 a i+2 a p / 

(re 1 m) (ra I m | k) (re | m | k) ~(n | m | k) 

y v (+1 y i+2 y p 

If J. has a block of zero constituents, its value may be given as in art. 14.* 
17. The product 

-o-(re | m | m — l)-^-(n \m | m — 2)(re |» — l)-^-(n | m | m — 3)(ii | re — 2) •••• -a.(re|n — m + 1) 

(re | m | m — 1) (»|»|»-rl) (re | m | m — 1) (re | m | m — 1) 

1112 13 lm 

X [-o-(re | m | m-])-^-(»|m| m — 1) • • • • -"-"-(re |m| m — 1) 
\ 11 1 m 

(» | m | m — 1) (re|m"|m — 1) (re | m"| m — 1) 

11 12 1 m 

= -a- -a-(re|m) -o-(»|m— l)(re|n — 1) -o-(re | mi— 8)(re| re — 2) • • • • -<4-(re | l)(re | n — m + 1) 
(re | m) (re | m) (re | m) (re | m) 

the product of the constituents along the principal diagonal of the product. The 
truth of this is seen on observing that all the constituents on the lower left-hand 
side of the principal diagonal of the product are zero. 
The determinant 



-"■(n | m I m — l)-^(re | m | m — 1) • • • • -"-(re | m | m — 1) ) ; 
11 .2 1 m J 

(re | m | m — 1) (re | m | m — 1) (re | m | m — 1) 

11 2 1 m 



* Of. Scott, ibid. art. 9. 
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being a minor of order m of A (n _ 1) is equal to 

Am— 1 A 
■"■ -o-(n | m) • 

(re | m) 



Therefore 



-o-(» | m | m — l)-"-(re | m | n — 2)(re | re — 1) ■ • • • -"-(re | re — m + 1) 

(re I m I ire — 1) (re | ire | m — 1) (re | m | »re — 1) 

1112 1 m 

= A.A(„ |m — l)(re|re — 1) '-"-(re | m — 2)(re| re — 2) • • • • -"^re | l)(re | re — m + 1) • (1°) 

(re | m) (ii | m) (re | m) 

This is the theorem given by Muir in his " Theory of Determinants," §93. 
18. The product 

[■"•(» |m|m- l)-"-(n | m \ ire — 2)(re | n — 1) • • • ■ -o-(re | m | m — T)(n\ n — I + 1) j 

' (« I m I m — 1) (re | to | m — 1) (» | in | ire — 1) 

11 13 1 J 

X /-o.(re |m In- l)-«-(n |m| m — 1) • • • • -0-(re | m | to — 1) ) 
\ 1 1 13 \ m ] 



(re I m I ire — 1) (re I m I m — 1) (re | to | to — 1) 

1112 1 



_ Al 



■A- • -«•(« I »re)-a-(n I to — l)(re|re — 1) • • • • -"■(» | m — I + l)(re I re — 1+ 1) 
111 11 

(re | to) (re I ire) (n | m) 

X /-o-(» I to I to — l)-^-(n I'm I to — 1) • • • • ""■(» I ml m— 1) j 

^ 1 I+J J. Z+2 _1 m / 

(n I m I m — 1) (re I to I to — 1) (re | to | m — 1) 

12+1 12+2 1 to 

- A 1 A A - A ~ 

*»• • ■«-(» I TO)- A (re | to — l)(re 1 re — 1) • • • • - a -(n | ire m — 1) 

111 1 TO 

(» | ire) (re | m) (» I'm I m — 1) 

11 1 TO 

XAm — I — I A 
■°- ' ^(re | m — I) 

(n | ire — T) 

Am-IA A A A _ 

°- - a -(» | «)-"•(« | ire — J)-* 1 ^ | ire — l)(re | re — 1) • • • • ■**•(» | ire — I + l)(n | re — I + 1) • 

(re | ire) (re | to — I) (re j ire) (re | to) 

Therefore 

[ -'-■-(re | m | ire— l)-<""-(»| m | m — 2)(n |re — 1) • • • • -<3.(m | to | m — !j .(re | re — ! + 1) j 

* (n | ire | to — 1) (re ! to I m — 1) (n E m | m — 1) ' 

1112 II 

== -o-(re | m — !)-"(re | m — l)(re | » — 1) • • • • -^(re | ire — I + 1) . (ST| » _ I + 1) • ( 1 9) 

(re | m — T) (n | m) (re | to) 
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Operating on equation (18) by the Law of Complementaries we get 

-^()T| m — t) -"■(« | n — 1 1 m — 2) -&(n | n— 2| m — 3) ■•■• -^(n | n — m -f 1) 

(re | m — 1) (w~| m) (n I m — 1 1 m— 2) (» | m)(re I m— 2 I m— 3) (n I »)(n I 1) 

1 111111 11 

=: Anln^l |»-1)A* |n=I|m — 2) • • • • An j »- m+1 |1)» (20) 

11 11 11 

(n\m) (S"| m) (n\ m) 

1 1 1 

19. The determinant obtained on writing (n \ m\l \k)(n\m \l\l — k) for 

a y & ay e 

(n | m 1 1) in 

a v 

-a-(w | m 1 1)-" (n | to | • • • • -"<n | m | 

a 1 a 2 a A 

(n | m | I) (re | m | I) (re | m | !) 

(3 1 p 2 (3 A 

evidently has two rows identical and therefore vanishes. 

20. The determinant M 1 , obtained on writing (n \ rn \ I \ k) [n \ m 1 1 — k) for 

a. y 8 a e 

(n\m\ I)* in 

a y 

[ -"•(» I m | l)A(n | m I 7) • • • • -^(.i | m 1 1) \ 

\ a 1 a 2 ■ a k I 

^ (n\m\T) (n | m | ;) (n | m | i) 

(3 1 /3 2 (3 A 

vanishes, though two rows are not identical. For if we multiply M x by 

-"•(n| m| !)-"-(« i"™ I I, • * • • -"■(» |m | () ]> 
a 1 a 2 « */ 

(re | m | !) (n | m\ I) (re | m"| 

^1 y 2 PA 

every constituent in the y th column of the product will be zero since the upper 
line of every suffix of M x contains some number in common with the combination 
(n | rn 1 1) . The product therefore vanishes, and since the multiplier is in general 

different from zero, M x must vanish. 

21. Any determinant M 2 of order X, the upper line of every suffix of which 
contains at least one of some (m — I) or fewer numbers and the lower lines of the 
suffixes are the combinations I at a time of some m of the n numbers, vanishes. 

This theorem, which is perhaps a little more comprehensive than that of the 
last article, is proven in a similar way. 

* We may, of course, have similar substitutions in the upper lines of the suffixes of the constituents 
in other rows at the same time. 
35 
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Let the numbers in the combination (n | m \ I) be the (m — I) numbers in 

a y 

question, and let the lower lines of the suffixes be the combinations (n|m|Z), 



3 i 



(n | m j I) . . . . (n \ m 1 1) . 

3 3 3 A 

If we multiply M 2 by 

A(n | m | !)-a.(» | m | I) • • • • -^(n | m | !| ] i 
a 1 a 2 a. KJ 

(n | m 1 1) (n | m | i) (n | m | !} 

(3 1 3 2 PA 

every constituent in the y th column of the product will be zero, since the upper 
line of every constituent of M 2 contains some number in common with the com- 
bination (n\ni\l). Therefore the product and consequently M % vanishes. 

a y 

22. Every minor of the determinant M % of the last article, which is of order 
>{(m — h) l -f- 1 1 and which contains any h numbers in at least { (m — k\ + 1 \ of 
the upper lines of the suffixes, vanishes. 

Without loss of generality we may suppose that the upper lines of the 
suffixes of the constituents in the first \ (m — k) z + 1 \ rows of M 2 contain the 
same h numbers. 

Multiplying any minor containing these rows by the same multiplier as in 
the last article, it is readily seen that every constituent in the intersection of the 
first \(m — h)i+ l\ rows and last \m t — (m — h) t \ columns of the product are 
zero. Therefore the product and consequently the minor vanishes. 



23. Any minor of 

( -^(n | m | l)-^-{n \m\l) • • • • -°-[n | m | It] 
\ i 1 a. 2 a A/ 

* i-n I 4tt I n U, ] ™ 1 71 /« i ™ t }\t 



(n | m 1 1) (n | m 1 1) (n [ m | Z)' 

3 1 3 2 3 >• 



can be expressed as a product of A and its minors whenever the complementary 
of the corresponding minor of 



( 



-™{n | m | l)-A(n | m | ') • • ■ • A( n | m |!) 

a 1 a 2 a 

(n | m"| /) {n \ m\ I) (n\m\l) 

3 1 2 3 A 



can be so expressed. 

If we know the value of any minor of A m , the Law of Complementaries gives 
us the value of the corresponding minor of A (n _ m] , and the theorem of art. 1 
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gives us the value of the complementary of the corresponding minor of A (n _ m) , 
which again operated on by the Law of Gomplementaries gives the value of the 
complementary of the original minor of A lm) . To determine the value of all the 
minors of A (m) and -4 (n _ M) all that is necessary therefore is to know the value of 



the minors of any 



{t| 



orders of one of them. 



24. Let us illustrate the foregoing principles by finding the value of minors 
of J.,3), the second compound of the determinant A of order five. 
The product 





A 12 A n Aw 

12 13 23 




-^■33 


— A 


32 


-^31 




A . A m 
123 












-**13 A is -^13 
12 13 23 




" -^-23 


A 


22 


"-^21 


= 





A . A li3 

123 





— A% A A* 

123 




1 




-^■13 


—A 


12 


A n 




-^81 


~^21 


A n 








• ' 


[An A 13 \ = A . A m . 

\ 12 13^ 123 








The product 


•^■12 
12 


A n 

13 


A n 

14 


A n 

15 




a i2 a. i3 


a 24 — 


«25 






-"4-13 
12 


A i3 

13 


-^■13 
14 


-^■13 
15 




a 3Z a S3 


- «34 


a 35 






A u 

12 


A u 

13 


A u 

14 


A u 

15 




a 42 a 43 


a u — 


«45 










4„ 






1 







a 52 a 53 ' 


— «54 


«55 




= 




A n 




A n 






— a 55 -^-11 i 












— 


7 25 ^35 


«45 < 


^55 















(A 12 A 13 Au) — a^An or A n A im . 

\ 12 13 14/ 1234 



The product 


A n A l2 A 12 

12 13 23 




As3 


— -"-33 


-^31 




A\s -^13 -^-13 
12 13 23 




-^-23 


-^■22 


— -a-21 




-"-23 -^-23 -^-23 
12 13 23 




A\3 


A\2 


A u 



•j Tp [ denotes the greatest integer in -^' . 
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A. A 







A. A 





123 
123 







A. A 



123 
123 



— d3 A3 

— ^ . J± m , 

123 



[A n A l3 A^\=:A.A\ i3 (Eq. (8)). 

\ 12 13 23/ 123 



The product (by columns) 



-O.J2 

12 


A n 

15 


4. 

45 




-^■13 

12 


A\x 

15 


-4 13 

45 




^23 

12 


-^23 

15 


A>3 
45 





•^33 -^-32 



-^•23 

A 



13 



-^■22 
'^12 



x 31 



"-21 



Ai 



A . A 123 

123 



A . A m A . Ai iS 

135 



A. A 



123 
345 






125 

A . A m A . A 

245 



123 
145 



A • A li3 A VZ3 A m , 

123 125 145 



l 13 As As) — A . A m . A m (Eq. (18)) . 

12 15 45/ 125 145 



The product 



Aii 

12 


A* 

13 


A\i 

23 




-^13 
12 


-^■13 

13 


^23 
23 




Ai5 
12 


4b 

13 


-^■25 
23 





x 33 



^ 



23 



-^32 



1-22 



A 3i 

Al 



A 13 — A l% A n 



A. A 


■A. A, 




A. A 

o 



123 
123 






A. A 



125 
123 



— A . A m -a.125 ' 
123 123 



Ml2 -^13 -^-25^ — A • A m A m . 
\ 12 13 23/ 123 123 
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The product 




























A n A l% 

12 13 


Aj2 
14 


-4-12 -4l2 -"-12 
23 24 34 




-4-34 -434 
34 24 


-4-34 

23 


-4s4 — 
24 


" -434 
13 


-4-34 

12 




-4-13 -^-13 
12 13 


-4l3 

14 


-4]3 -4-13 -4.J3 
23 24 34 




-4-24 -424 

34 24 


-^-24 

23 


-^24 

14 


A u 

13 


— -4-24 

12 







1 







-4-23 -423 
34 24 


Ags 
23 


■^23 — 
14 


" -4^3 

13 


-4-23 

12 










1 




-4-14 -4-14 
34 24 


A U 
23 


^14 - 

14 


-A u 

13 


A u 

13 




A. u A 2i 

12 13 


-4 24 

14 


-4-24 -424 -424 
23 24 34 




-4-13 -4.J3 
34 24 


-4-13 

33 


-4-13 

14 


-4-13 
13 


-4i3 

12 










1 




-4-12 -4-13 
34 24 


-4. 12 

23 


-4-12 — 

14 


-A n 

13 


-4-13 

12 




A . «55 























A.a m 












= 


-^34 — 
23 

-4-34 — 
14 



-4-34 — 
12 


- -4 24 

23 

- -4.J4 

14 



" -424 
12 


-4-23 -4] 4 -4 13 -4.J2 
23 23 23 33 

-4-23 -4-14 -4l3 -4] 2 

14 14 14 14 

A. Cite 

-4-23 A u ■ — A 13 A lz 

12 12 12 12 


= A 


• «55 ( -^-12 
\ 12 


-4-14 -423)' 
14 23/ 






The product 




•'• \A 13 A 18 -^-24 | = [-4-12 -4l4 
\ 12 13 24/ V 12 I* 


-^23 V 
23 1 










-"4-12 
12 


-^-12 
13 


A* 

23 




-433 -432 -4-31 




A 


• -4-123 

123 











-4-13 
12 


-^-13 
13 


-4^13 

23 




-4*3 -4.22 -4^21 


= 




o A 


• -4 m 

123 


= 0, 








A u 

12 


-4-14 
13 


A H 

23 




-4-13 -4 


12 


A n 




— A 


• -4)24 -4- 

133 


■ A Ui o 

123 







A n A w A u \ = (arts. 20, 21). 

12 13 23^ 



There are 2 x 1 X 20 = 400 vanishing minors of order three. 
The product 



-4-12 -4-12 - CL 12 -"-Vi 



12 



-4-12 Ay 

13 14 15 



-4-13 -4x3 -4 13 A n 

13 13 14 15 

A u A u A u A u 

12 13 14 15 

-4-15 -4-15 -4-15 -4-16 



12 



13 



14 



«22 a 23 


«24 


«25 




An 










a 32 <*33 
#42 tt 43 


«34 

a 44 


«35 

a i5 


= 






A n 





A n 


— A i 


a 52 a 53 


a 54 


%> 










A u 





IA 12 A u A u A l5 \ = A n (Bq.(7)). 

\ 12 13 14 15/ 
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The product 


























As 

12 


-"■12 
13 


A\% 

H 


23 


A n A n 

24 34 




-"31 
34 


-"34 

24 


-"34 -"34 
23 14 


"34 
13 


-"34 

12 




-"IS 

12 


-"13 

13 


-"13 

14 


-"13 

23 




3 -"13 

4 34 




An 
34 


A u 

24 


-"24 — A 2i 

23 14 


-"24 

13 


-"24 

12 




A u 
12 


A u 

13 


A u 

14 


A u 

23 


A u A u 

24 34 




-^■23 
34 


— Ag$ 

24 


-"23 A 23 

23 14 


-"23 

13 


-"23 

12 




-"■23 
12 


-"23 
13 


-"23 

14 


-"23 

23 


A : 


>3 -"23 

!4 34 




4* 

34 


— -"14 

24 


A u A u 

23 11 


Au 

13 


A l4 

12 
















l 







— ""13 
34 


-"13 

24 


-"13 -"13 

23 14 


-"IS 

13 


-"13 

12 



















1 




-"12 
34 


-"12 

24 


-"12 -"12 
23 14 


-"12 
13 


-"12 
12 




A.a &5 


























A 


•«65 



















-<*34 

13 


A.Cl^ 

J..a 55 
A-u — -"23 — -"14 A 13 

13 13 13 13 





-"12 

13 


^zAKaUAuAn) 

\ 12 13 / 






-"34 ~ 
12 


— A 2i A i3 A u A 13 
12 12 12 12 


-"-12 
12 












= A* 


•«55 


A n A 


123 
123 


) 


















.-, 


( -"12 -"13 A u A^\ =Z 
\ 12 13 14 23 1 


A . A n . 


"123 -"1234- 
123 1234 






The 


oroduct 




















A n 

12 


A\z 

13 


•"12 
14 


-"12 
15 




Cl 2 2 ^23 


«24 — 


«25 










-"23 
12 


-"23 
13 


-"23 

14 


-"23 
15 




C* 32 (X33 


-«34 


a 35 










-<*34 

12 


-"34 

13 


-"-34 
14 


-"31 
15 




a 42 CI43 


«44 ~ 


«45 










-"45 
12 


A 45 

13 


-"45 
H 


-"45 
15 




«52 «53 — 


"«54 


«55 










A n 























= 






-"21 






-"81 








: A u -4. 2 i -4 31 ^ 41 , 





















An 





















.-. [A 12 A 23 A 3i A a \ = An A 31 A iX (Eq. (20)) . 

\ 12 13 14 15/ 
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The 


Droduct 






















A u A V2 


A n A n 


A l2 4 lg 




-^34 


-^-34 


-4-34 


-^•34 


-^34 


-^■34 




12 13 


14 23 


24 34 




34 


24 


23 


14 


13 


12 




-a-13 -"-13 


-4]3 4 13 


-"4-13 -^18 




-4 24 


-"4-24 


-^24 


-^24 


-^24 


jj-24 




12 13 


14 23 


24 34 




34 


24 


23 


14 


13 


12 




-^14 ^14 


A u A u 


A u A u 




-^23 


-^23 


-^■23 


-^23 


-4s3 


-"4-23 




18 13 


14 23 


24 34 




34 


24 


23 


14 


13 


12 




-^•15 -^15 


-^15 -^15 


-^15 -^15 




A u 


-*u 


^14 


A u 


-^14 


4-14 




12 13 


14 23 


24 34 




34 


24 


23 


14 


13 


12 










1 




-^-13 


■^13 


-^-13 


— An 


A\z 


— 4 ]3 












34 


24 


23 


14 


13 


12 










1 




A n 


-<*12 


A n 


4.J2 


-4.12 


A\i 












34 


24 


23 


14 


13 


12 




^••«55 

























A.a u 

























A . a 55 














= 


^•«25 


A . a 35 


A . a i5 








= 0. 








— -^34 


A u 


A .a^ .Au 


-^13 


-^-12 










13 


13 


13 13 


13 


13 










-^34 


-a-24 


-4 23 4-14 


— -4]3 


A\ 2 










12 


12 


12 




12 


12 


12 









( A l% A 1S A u J. 15 \ = (art. 22) . 

\ 12 13 14 23/ 



From this it is apparent that any determinant of order four formed from the 
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vanishes. 

There are 2 . j 75 X 5 } = 750 vanishing minors of order four. 
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Metzler : Compound Determinants. 





^45 
45 


-^35 

45 


-a-34 — 

45 


* -"-25 

45 




-"-24 

45 


•"•23 

45 

















A.a^ 

























= 











A 




•«11 



A . a u 










— a n A A i5 , 
45 



















A 


• «11 

































4 


. a n 












*• [A%i A 

\ 24 


25 -^34 
25 34 


As5 
35 


-"-45] — A 

45 / 


«]] -A45 

45 


or A 


2 /4 2 /f 

- -"2345 -"45- 
2345 45 






The product 
























-a-12 
12 


-a-12 A n 
13 14 


A, 

23 


A,, 

24 


-"12 
34 






■^34 
34 




A n 

24 


-"•34 
23 


A 34 

14 


-"34 

13 


-"34 

12 




Atf 
13 


A\3 -^13 
13 14 


A\3 

23 


-**13 

24 


^■13 
34 







-^ 24 
34 




A, 4 

24 


-"24 

23 


-"24 

14 


-"24 

13 


— Au 

12 




A H 
12 


A u A u 

13 14 


Au 

23 


A u 

24 


Au 
34 






-"4-23 

34 


— 


^23 

24 


-^23 

23 


-"23 

14 


-"23 
13 


-"23 
12 




A\g 

n 


^15 -^15 
13 14 


^15 

23 


Aft 

24 


4. 

34 






A u 

34 


— 


-"■14 

24 


A u 

23 


A u 

14 


Au 
13 


Au 

12 




A%% 

12 


-^23 -^23 
13 14 


A23 
33 


^23 
24 


A-23 
34 







-^•13 
34 




-"■13 

24 


-"4 13 

23 


-"13 

14 


-"13 
13 


-"13 

12 
















1 






-"•12 

34 


— 


-4 12 

24 


A n 

23 


-"12 
14 


— A\<z 

13 


A n 
12 




A.< 


% 
































^.055 
































A 


«55 






















-— 


A., 


a 25 A . 035 A 


a 45 














0, 





















A.a m 





















A34 

12 


— Au 
12 


^23 
12 


•"14 A K 
12 IS 




A Vt 

15 
















• 


'■ ( ^12 -a-13 -^14 
\ 12 13 14 


-"•15 
23 


■^•23\ = 

24/ 


— 


0. 



















There are \ 6 . 5 j- 2 = \ 30 \ % vanishing minors of order five. 
Syracuse University, Sept. 1, 1897. 



